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Abstract: This paper proposes a method of determining the characteristic impedance and the equation of
propagation in transmission lines, by equivalence of the line segment with an elementary T filter. We
obtain thus the equivalence between a cascaded T filters network and a transmission line arbitrarily
chosen. The mathematical model used is based on string theory.

Keywords: transmission line, T filter, characteristic impedance, wave propagation.

1. INTRODUCTION

A transmission line segment can be
represented - considering its functionality, as
an infinity of elementary T filters networks
connected in series (fig. 1), forming a
cascaded network with Z, equivalent

impedance (Morariu €t al., 2009:23).
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Fig. 1. The network of cascaded T filters

In the sense of the consideration cited, the
transmission line can be rated as having
equivalent structure from Figure 2.
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Fig. 2 The equivalent structure of the transmission
line
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2. CHARACTERISTIC IMPEDANCE OF
THE TRANSMISSION LINE

Impedance in different points of the
structure is determined to be equivalent:

ay = Z, +Z,|(Z, +ay) (2)
ay =27, +Z,y|(Z, +a;) (3)
a1 =Z,+Z,|[(Z, +a,) “4)

where a, is a recursive string.
If n— oo, it follows that lim a, = lim a,.;
and lim a, = 1. So,

1=Z,+Z,|(Z, +1) (5)

1=z, +22Z1%D 6)
Z,+7Z;+1

1° =7 +22,2, (7)

1=42} +22,2, (8)

The elementary network (Morariu et al.,
2009:23) consists of components R, L, G and
C (fig. 3).
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Substituting in (8) equivalent parameters of
fig. 3 results:

1=+7%+22,Z, =

; )
= l(R+JO)L)2 +R+—M
4 G+ joC
R2 L2 12 R2
2, A —
A G| | TcC

Fig. 3. The elementary network
The parameters R, L, G and C of the
transmission line are uniformly distributed,
resulting in that:

R=AIR; L=AlLy; G=AIGr; C=AICL.  (10)

where Al is the length of the line segment and
Rr, Li, G and Cy are called line parameters
and they have punctual value in line.

Relation (8) becomes:

2 .
1=\/%(RL+ijL)2+w (an

Gy +joCy
1=Z, (12)
When Al — 0, it follows that:
R joL
z,= [~L T (13)
GL +_]0)CL

In microwave domain when o is very large
compared to R_and G, it results in:

lim Z, =
Al—0
O—>0gyp

Ry
A12 2 j(D +LL
e (Rp +joLp )" + G
—L +Cy
jo

Al—0
O—0gyp

(14)

(15)

where Z is the characteristic impedance of the
line.

3. THR WAVE PROPAGATION
PATTERN

To highlight the phenomenon of the
propagation of the voltage or current wave in a
line segment, we consider a succession of two
elementary networks (Morariu et al., 2009:25)
of filters in a portion of the line segment, as
shown in fig. 4.
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Fig. 4. Sequence of elementary networks

With representation in fig. 4, we establish
the following relations:

Uy =Upn =1, -27, (16)
U

I[,=—1 17
" =7 (17)

27
U, -Uun =U, 7 : (18)

e

Respectively

Un _Un+1 — 221 (19)

U, Z,

Relation (19) defines the phenomenon of
the voltage wave propagation in a transmission
line.

Substituting Z;, respectively Ze with
electrical parameters R, L, G and C we obtain:

Un B Un+l —
U

R + joL

— (20)
R +joL

n 1(R+ij)2 + :
4 G+ joC

Replacing the line parameters in equation
(20) it results:
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AR, + joL, ) Q1)

R, +joL,

Al2 . ,
7(RL+.]0‘)LL) + .
4 G, +joC,

Given that R, +jwL, has a finite value

and Al /4

can neglect the influence of the expression
2

%(RL + jo)LL)2 without changing the

tends to zero faster than Al, we

physical effect of the expression (21). Thus,
we obtain:
Un — Un+1 —
U, (22)
= JAI(R | +joL )G +joC)

If variable 1 is associated with coordinate z
from space (x,y,z)and U, —U_,; =AU, the
resulting formula is:

AU,

= AZ\/(RL +JoL (G +joCy) (23)

n

As the index n is taken arbitrarily may be
neglected, resulting in the expression:

AU ; ;
STl AZ\/(RL +JoLp (G +joCy)

(24)

But AU and Az is simultaneously at value
of 0, and we can write:

dU . -
- Az|(Ry +joL; )Gy +joCp) (25)
Noting with
Y=yJ(Rp +joL )Gy +joCy)  (26)
we get the relation:
dz
This relationship describes the overall

distribution of the propagation phenomenon
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along a line and has the solution U(z) = U e"*,

where Us is the voltage at the load.
Derived, the result is

d°U _du
dz> dz

y=Uy? (28)

This relation is a differential equation that
describes the dynamics of the propagation
phenomenon along transmission lines.
Solving equation (28) shall be obtained
voltage wave solutions that emphasize the
simultaneity of the direct and inverse wave,

known relationship of the propagation
phenomenon.
U=Ae"” +Be™” (29)

Using equation (16) and the relation

Z = %(R + joL) (30)
is determined following expression:
U, =Unpy =AU, :In(R+ij) (31)
But
(R +joL; )Al=R +joL (32)
A
and % =[,(Ry +joL;) (33)

If 1=z, using a Cartesian coordinates system
(X, , z), and any n, then:

A )
Az
When n—oo and Az—0, the result is:
z

Using relations number (26), (27) and (35)
we obtain:

and
u [GLtiec) (37)
(Rp +joL})
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For current waves following relations are
established in accordance with the drawing of
fig. 4:

L=l = Unil =UpY, (38)
2

In - In+1 = Un+1 (G + J(DC) (39)

In _Ainﬂ — Un+1 (G +A.]10)C) (40)

& _Ainﬂ = AAI? =U, (G +joCyp) (41)

For l=z, using a Cartesian coordinates
system (X, y, z), n—o and Az—0, we get the
relation:

VA

Taking into consideration the relation (27),
it follows

d’1 du .

—=—(Gy +joC 43

&2 dz( L +JjoCyp) (43)
and

1,

=ty (44)

dz>

The solution of the equation (44) expresses
a second current wave propagation mod along
over the line and is:

[=De" +Ee™ ¥ (45)

It highlights current incident wave De’ and
reflected current wave Ee™.

3. CONCLUSIONS

The determination model presented uses
recursive  string theory applied to a
transmission line structure. T-symmetric filters
are assimilated to the punctual elements off the
line. The propagation pattern obtained is very
close to physical phenomena, allowing a
complete understanding of the propagation in
transmission lines.
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